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A B S T R A C T

Skyline queries have emerged as an increasingly popular tool for identifying a set of interesting
objects that balance different user-specified criteria. Although in several applications the user
aims to detect data objects that have values as good as possible in all specified criteria, skyline
queries fail to identify only those objects. Instead, objects whose values are good in a subset of
the given criteria are also included in the skyline set, even though they may take arbitrarily bad
values in the remaining criteria. To alleviate this shortcoming, we study the decisive subspaces
that express the semantics of skyline points and determine skyline membership. We propose a
novel alternative query, called decisive skyline query, which retrieves a set of points that balance
all specified criteria. We study two variants of the proposed query, the strict variant, which
retrieves only the subset of skyline points that have the full data space as decisive subspace, and
the relaxed variant, which imposes the decisive semantics in a more flexible way. Furthermore,
we present pruning properties that accelerate the process of finding the decisive skyline set.
Capitalizing on these pruning properties, we propose a novel efficient algorithm for computing
decisive skyline points. Our experimental study, which employs both synthetic and real data sets
for various experimental setups, demonstrates the efficiency and effectiveness of our algorithm,
and shows that the newly proposed query is more intuitive and informative for the user.

. Introduction

Skyline queries [1] constitute a powerful tool for data analysis and multi-objective optimization, as they enable balancing of
ifferent (and often conflicting) criteria specified by the user. Given a multidimensional data set, the dimensions correspond to the
riteria that need to be balanced by the skyline query. Such queries return a set of interesting data points, also called skyline points,
hat are not dominated by any other point in all dimensions. A point 𝑝 dominates another point 𝑞, if 𝑝 is better than or equal to 𝑞
n all dimensions and strictly better than 𝑞 in at least one dimension. Nevertheless, the skyline set contains also points that fail to
alance among all given criteria, as we demonstrate in the following example.

xample 1 (Motivating Example). Assume that a tourist is interested in booking a hotel with a low price, a good ranking based on
he customers’ ratings, and nearby the beach. To this end, she performs skyline analysis on an online hotel database in order to
iscover hotels that fulfill all criteria.1 In Fig. 1, the hotels belonging to the skyline set of the hotel database are depicted. However,
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Fig. 1. Hotels in the skyline of a hotel database.

y inspecting this result set, we observe that several hotels have good values on subsets of the available criteria only, but not all of
hem. For instance, City Center Hotel is included in the result due to its rank (minimum value), despite the fact that it has the second
orst value in distance. Similarly, Paradise Hotel has the lowest price, but it fails to balance the remaining two criteria. The same
olds for Sunset Hotel, which has the worst rank among the skyline points and is included in the result set because of its combined
alues in distance and price. However, had the user been really interested in such a hotel, she would have specified as criteria only
subset of the dimensions, namely distance and price. In this paper, we argue that the user needs a new query type that excludes

rom its results set hotels that may have arbitrarily bad values. In this example, only Panorama Hotel would satisfy the constraint
mposed by this new query. We call this new query type decisive skyline query.

As shown in the example, the skyline query always returns the data point with the best value in one dimension, regardless of the
alues in the other dimensions, as this point cannot be dominated by any other point. Yet, this point will not be seriously considered
y a user who is interested all queried dimensions, despite the fact that it belongs to the skyline set. Hence, we observe that skyline
ueries fail to fulfill all user-specified criteria. Put differently, the skyline definition imposes ‘‘OR semantics’’ between the different
riteria. In the hotel database, the skyline set contains the hotels that are the best tradeoffs among (a) rank, price and distance, OR
b) rank, price, OR (c) price, distance, OR have (d) the minimum price, OR (e) the minimum rank, OR (f) the minimum distance.
ut this is not the objective of the user’s search, since she specified a combination of three criteria, i.e., the best tradeoffs between
ank, price and distance.

A direct consequence (or effect) of the aforementioned ‘‘OR semantics’’ is that the skyline cardinality [2–4] increases rapidly with
he dimensionality of the data space. Therefore, the skyline operator loses its discriminating power and returns a large fraction of
he data set as results. The high cardinality of the skyline set originates from the fact that as the number of criteria increases,
he combinations of different criteria increase exponentially. In turn, the probability that a point is dominated in all different
ombinations decreases, thus leading to more skyline points. Intuitively, it is more difficult to satisfy more criteria, therefore it
ould be expected that with increasing the number of criteria, the result size should decrease or stay fixed. Should we add too
any criteria, none of the points will be able to satisfy all of them, thus resulting into an empty result set. In contrast to this

ntuition, the cardinality of skyline set increases with increasing dimensionality and can sometimes be comparable to the size of the
omplete data set.

Most existing approaches focus on the effect of the problem and try to restrict the skyline cardinality, often motivated by the
ontrolled output size of top-𝑘 queries [5–7]. Towards this goal, different categories of approaches have been recently proposed,
ncluding (1) selecting 𝑘 representative skyline points [8–11], (2) restricting the skyline cardinality by changing the dominance
elationship [12], and (3) ranking the skyline points based on different metrics [13–15] or user-defined functions [16,17]. More
mportantly, none of these approaches take into account the semantics of the skyline points.

In this paper, we take a radically different approach. We address what we consider to be the cause of the problem, and not the
ffect. To this end, we revisit the semantics of skyline queries (first studied by Pei et al. [18]), analyze their complex relationships in
ubspaces (subsets of dimensions), and focus on the important concept of decisive subspaces. Informally, the decisive subspaces of a
kyline point are responsible for the point being part of the skyline set, i.e., its values in these dimensions qualify it as skyline point.
apitalizing on this concept, we propose a novel query type, called decisive skyline query. Only points that belong to the skyline set
ue to their values in all dimensions belong to the result set of the novel query, and it is guaranteed that none of their values is
rbitrarily bad. We investigate two different variants of the decisive skyline query, the strict variant, which returns only the subset
f skyline points that have the full space as decisive subspace, and the relaxed variant, which returns also points with decisive
ubspaces that cover the entire data space. Interestingly, as a by-product, it turns out that the decisive skyline query does not suffer
rom increased output size for increased dimensionality. We emphasize that this is the first paper that focuses on the significance
f retrieving points based on the properties of their decisive subspaces and on efficient processing algorithms for this set of points,
ince in [18] the aim was to find the subspace skyline points of all subspaces.

In more detail, we make the following contributions in this paper:

• We capitalize on the semantics of decisive subspaces and propose a new query type, termed decisive skyline query, which returns
points that truly balance all user-specified criteria. This alleviates the deficiency of the skyline query that may retrieve many
data points that have arbitrarily bad values in some dimensions. We study two variants of the proposed query.
2
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Table 1
Overview of symbols.
Symbol Description

 Data space, i.e.,  = {𝑑1 ,… , 𝑑𝑚}
𝑚 Dimensionality of data space 
𝑈, 𝑉 Subspaces of the data space 
𝑃 Data set
𝑛 Cardinality of the data set
𝑝, 𝑞, 𝑟, 𝑝𝑖 Data points
(𝑃 ) Skyline points of data set 𝑃
(𝑃 ) Strict decisive skyline points of data set 𝑃
̂(𝑃 ) Relaxed decisive skyline points of data set 𝑃
𝑈 (𝑃 ) Subspace skyline points of data set 𝑃 in 𝑈
𝐷𝑒𝑐𝑆𝑢𝑏(𝐺) Decisive subspaces of group of points 𝐺

• We present novel pruning properties that drastically reduce the candidate objects for inclusion in the strict decisive skyline set,
and boost the performance of query processing. Furthermore, we propose an efficient algorithm for computing the decisive
skyline points that exploits the pruning properties.

• We demonstrate the efficiency of our approach by means of a detailed experimental evaluation. We study the output size of the
decisive skyline query, the effect of varying different parameters on performance, and the quality of the result of the decisive
skyline query, which shows that the decisive skyline set does not contain points that take arbitrarily bad values in a subset of
the given criteria. Moreover, we show that existing techniques for selecting 𝑘 skyline points fail to select the decisive skyline
points.

This paper extends our previous work [19] published in DAWAK’22, by providing a more thorough study of the problem, adding
heoretical results, an extension of our algorithm for processing relaxed decisive skyline queries, as well as additional experimental
esults.

The rest of the paper is organized as follows. In Section 2, we present the necessary background knowledge for our approach. In
ection 3, we provide the necessary definitions and formally state the problem. In Section 4, we present useful pruning properties
or efficient computation of the decisive skyline query, and we describe a novel index-based algorithm. Section 5 follows presenting
he results of the experimental evaluation. In Section 6, we discuss related work and we conclude in Section 7.

. Preliminaries

Given a data set 𝑃 on a data space  defined by a set of 𝑚 dimensions {𝑑1,… , 𝑑𝑚}, a data object 𝑝 ∈ 𝑃 is represented as an
𝑚-dimensional point 𝑝 = {𝑝[1],… , 𝑝[𝑚]} where 𝑝[𝑖] is the value on dimension 𝑑𝑖. Table 1 offers an overview of the symbols that are
sed throughout this paper.

efinition 1 (Skyline). A point 𝑝 ∈ 𝑃 dominates another point 𝑞 ∈ 𝑃 , denoted as 𝑝 ≺ 𝑞, if (1) on every dimension 𝑑𝑖, 𝑝[𝑖] ≤ 𝑞[𝑖]; and
2) on at least one dimension 𝑑𝑗 , 𝑝[𝑗] < 𝑞[𝑗]. The skyline (𝑃 ) is a set of points which are not dominated by any other point in 𝑃 .

Without loss of generality, we assume that skylines are computed with respect to min conditions on all dimensions and that all
alues are non-negative. The notion of skyline can be extended to subspaces. Each non-empty subset 𝑈 of  (𝑈 ⊆ ) is referred to
s a subspace2 of . The data space  is also referred to as full space of the data set 𝑃 .

efinition 2 (Subspace Skyline). A point 𝑝 ∈ 𝑃 is said to dominate another point 𝑞 ∈ 𝑃 on subspace 𝑈 ⊆ , denoted as 𝑝 ≺𝑈 𝑞, if (1)
on every dimension 𝑑𝑖 ∈ 𝑈 , 𝑝[𝑖] ≤ 𝑞[𝑖]; and (2) on at least one dimension 𝑑𝑗 ∈ 𝑈 , 𝑝[𝑗] < 𝑞[𝑗]. The skyline of a subspace 𝑈 ⊆  is a
set of points 𝑈 (𝑃 ) ⊆ 𝑃 which are not dominated by any other point on subspace 𝑈 . The points in 𝑈 (𝑃 ) are called subspace skyline
oints in 𝑈 .

As shown in [18,20], the skyline set of the full space does not contain all the subspace skyline points of the different subspaces.
skyline point 𝑞 in 𝑈 (𝑃 ) is either a skyline point in 𝑉 (𝑃 ) (assuming 𝑈 ⊂ 𝑉 ) or there exists another data point 𝑝, such that

[𝑖] = 𝑞[𝑖] (∀𝑑𝑖 ∈ 𝑈), that dominates 𝑞 on the dimension set 𝑉 − 𝑈 .

xample 2. In Fig. 2(a), each point represents a hotel where the 𝑦-dimension represents the price of a room, while the 𝑥-dimension
aptures the distance of the hotel to the beach. A hotel dominates another hotel because it is cheaper and closer to the beach. In
his example, the skyline points are (𝑃 ) = {𝑝1, 𝑝2, 𝑝3}, while for the (non-empty) subspace 𝑈 = {𝑝𝑟𝑖𝑐𝑒} the skyline points on 𝑈 are
𝑈 (𝑃 ) = {𝑝3, 𝑝6}. Notice that the point 𝑝6 is a skyline point on the subspace {𝑝𝑟𝑖𝑐𝑒} but it is dominated by the point 𝑝3 in the space

{𝑝𝑟𝑖𝑐𝑒, 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒}.

2 When it is more convenient, we will also use a different notation for subspaces, e.g., ABC refers to the 3-dimensional subspace of the full space =ABCDE
3

that consists of dimensions A, B and C.
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Fig. 2. Subspace skyline example and lattice structure of the data space {𝐴𝐵𝐶}.

Given an 𝑚-dimensional space , the number of different subspaces of  is 2𝑚−1. The way different subspaces can be visualized
n a lattice structure is shown in Fig. 2(b), where all possible non-empty subspaces of a 3-dimensional space are depicted. In addition,
he lattice structure shows which subspaces share common dimensions. From the bottom to the top of the lattice, we number each
evel of subspaces increasingly. For two subspaces 𝑈 and 𝑉 , if 𝑉 is a subset of 𝑈 (𝑉 ⊂ 𝑈) and the level of 𝑈 is equal to the level of

subspace 𝑉 increased by one, then we call the subspace 𝑈 a parent subspace of 𝑉 , i.e. 𝑈 = 𝑝𝑎𝑟𝑒𝑛𝑡(𝑉 ). Analogously, we call subspace
𝑉 a child subspace of subspace 𝑈 . Consider the lattice structure of the subspaces shown in Fig. 2(b). The subspace {𝐴} is a child of
{𝐴𝐵} and {𝐴𝐵} is a parent of {𝐴}, while the subspace {𝐴𝐵𝐶} is not a parent of {𝐴}.

3. Problem formulation

We first define the concept of the decisive subspace, which was initially introduced in [18]. To ease exposition and provide the
intuition for the semantics of the decisive skyline points, we first concentrate on the simple case where the distinct value condition [20]
holds (Section 3.1). Then, we extend our definitions for the general case that allows non-distinct values (Section 3.2), and define
decisive skyline sets formally (Section 3.3).

3.1. Intuition of decisive subspaces

Let us first assume that the distinct value condition holds, which means that no two points share the same value in a given
dimension (i.e., for any two points 𝑝 and 𝑞 of 𝑃 it holds that ∀𝑑𝑖 ∈  ∶ 𝑝[𝑖] ≠ 𝑞[𝑖]). In this case, any subspace skyline point also
belongs to the skyline set of the full space, which in turn simplifies the definition of the decisive skyline queries. Under the distinct
value condition, the decisive subspace of a skyline point 𝑝 is defined as follows.

Definition 3 (Decisive Subspace). For a skyline point 𝑝 ∈ (𝑃 ), a subspace 𝑈 of  is called decisive, if (1) 𝑝 is a subspace skyline in
𝑈 (𝑝 ∈ 𝑈 (𝑃 )), and (2) there exists no subspace 𝑉 ⊂ 𝑈 such that 𝑝 is a subspace skyline point in 𝑉 (∄𝑉 ⊂ 𝑈 such that 𝑝 ∈ 𝑉 (𝑃 )).

A skyline point 𝑝 can have multiple decisive subspaces. We use 𝐷𝑒𝑐𝑆𝑢𝑏(𝑝) to denote the set of decisive subspaces for a skyline
point 𝑝. The significance of the concept of decisive subspace is due to the fact that it justifies why a point belongs to the skyline set.

Corollary 1. Given a data set 𝑃 defined in a data space , if a subspace 𝑈 belongs to the decisive subspaces of a skyline point 𝑝, then 𝑝
belongs to the subspace skyline of any subspace 𝑈 ′ (𝑝 ∈ 𝑈 ′ (𝑃 )) such that 𝑈 ⊆ 𝑈 ′ ⊆ .

Corollary 1 directly relates to the question why point 𝑝 belongs to the skyline set. If a point 𝑝 has a decisive subspace 𝑈 ⊂ , then
this fact alone promotes 𝑝 to become a full space skyline, irrespective of 𝑝’s values in dimension set −𝑈 . Obviously, such skyline
points may not balance the remaining dimensions. These are important properties that have been overlooked in related work.

To address the problems of the semantics of the traditional skyline operator, we define the strict decisive skyline set (𝑃 ) as the
set of skyline points that have the full space  as their decisive subspace, i.e., (𝑃 ) = {𝑝|𝑝 ∈ (𝑃 ) and 𝐷𝑒𝑐𝑆𝑢𝑏(𝑝) = }. Based on
the definition of decisive subspaces for the case of distinct values, a skyline point 𝑝 belongs to the decisive skyline set, if there does
not exist any other subspace 𝑈 ⊂  for which 𝑝 belongs to the subspace skyline set (∄𝑈 ⊂  such that 𝑝 ∈ 𝑈 (𝑃 )). We argue that
points in the decisive skyline set are guaranteed to have good values in all given criteria, in contrast to subspace skyline points.

The above definition imposes the semantics of decisive skyline sets in a strict or rigid way. A more relaxed variant, denoted
̂(𝑃 ), is also defined as follows: ̂(𝑃 ) = {𝑝|𝑝 ∈ (𝑃 ) and ⋃

(∀𝑈𝑖∈𝐷𝑒𝑐𝑆𝑢𝑏(𝑝)) 𝑈𝑖 = }. This relaxed decisive skyline set also includes
points that belong to subspace skyline sets, as long as their decisive subspaces cover the full space. Thus, the relaxed decisive
skyline points also balance all criteria, but possibly in different subspaces that cover the full space. Also, notice that by definition

̂

4

(𝑃 ) ⊆ (𝑃 ).
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Fig. 3. Example of decisive subspaces.

xample 3. Consider a data space  = 𝐴𝐵𝐶 and a data set 𝑃 defined in  that contains seven points as depicted in Fig. 3(a).
All points are skyline points and Fig. 3(b) depicts their decisive subspaces. Decisive subspaces define why and in which subspaces
a point 𝑝𝑖 belongs to the subspace skyline set. Fig. 3(c) shows – in gray shading – the subspaces in which 𝑝7 is in the skyline.
For 𝑝7, subspace 𝐴 is the decisive subspace, therefore the value of 𝐴 is sufficient to qualify 𝑝7 as a skyline point in the full space
independently of its values in the other dimensions, which could be arbitrarily bad. Similar for 𝑝2 and 𝑝5 the decisive subspaces are
𝐵 and 𝐶 respectively. On the other hand, 𝐴𝐶 is also a decisive subspace for 𝑝2, because 𝑝2 appears in the subspace skyline of 𝐴𝐶,
and 𝐴𝐶 is not a super-set of 𝐵. Only point 𝑝3 has the full space 𝐴𝐵𝐶 as decisive subspace, and this is the only point in this example
that belongs to the decisive skyline set (𝑃 ) = {𝑝3}.

On the other hand, points 𝑝1 and 𝑝2 may also be considered as good options, even though they do not belong to (𝑃 ). For
example, 𝑝2 has the best value in dimension 𝐵, but also balances nicely dimensions 𝐴𝐶, since it is in the subspace skyline in 𝐴𝐶. In
contrast, 𝑝7 has the best value in subspace 𝐴, but fails to balance the remaining criteria. Points 𝑝1 and 𝑝2, together with 𝑝3, belong
to the relaxed decisive skyline set ̂(𝑃 ) = {𝑝1, 𝑝2, 𝑝3}.

3.2. Formal definition of decisive subspaces

In the following, we withdraw the restriction on points taking distinct values. In the general case, where multiple data points
may share the same value on some dimension, the main difference is that there may exist subspace skylines that do not belong to
the full space skyline points. Recall that a subspace skyline point 𝑞 ∈ 𝑈 (𝑃 ) is either a skyline point in the full space or there exists
another data point 𝑝, such that 𝑝[𝑖] = 𝑞[𝑖] (∀𝑑𝑖 ∈ 𝑈), that dominates 𝑞 on the dimension set −𝑈 . If such a point 𝑝 exists, then the
remaining −𝑈 dimensions are important to determine whether 𝑞 qualifies as a skyline point. This property changes the definition
of the decisive skyline sets, as we will elaborate in the sequel. Therefore, we provide definitions for some additional concepts that
are necessary, in order to define the decisive skyline sets for the general case.

Definition 4 (Maximal Set of Non-Distinct Points). Given a set of points 𝐺 and set of dimensions 𝑈 , we define as maximal set of
non-distinct points the set: (𝐺,𝑈 ) = {𝑝𝑖|𝑝𝑖 ∈ 𝑃 , ∀𝑑𝑘 ∈ 𝑈 and ∀𝑝𝑗 ∈ 𝐺 ∶ 𝑝𝑖[𝑘] = 𝑝𝑗 [𝑘]}.

Based on the above definition, (𝐺,𝑈 ) is the maximal set of points of 𝑃 with identical values with the points of 𝐺 in 𝑈 , i.e., there
exists no other point 𝑞 ∈ 𝑃 with this property.

Definition 5 (Maximal Skyline Group).3 Given a set of points 𝐺 and set of dimensions 𝑈 , the pair {𝐺,𝑈} is called maximal skyline
group and is denoted as 𝑆𝐺(𝐺,𝑈 ), if it holds that

1. ∀𝑝𝑖 ∈ 𝐺 it holds that 𝑝𝑖 ∈ 𝑈 (𝑃 )
2. ∀𝑝𝑖, 𝑝𝑗 ∈ 𝐺 and ∀𝑑𝑘 ∈ 𝑈 𝑝𝑖[𝑘] = 𝑝𝑗 [𝑘]
3. ∄𝑑𝑘 ∈  − 𝑈 such that ∀𝑝𝑖, 𝑝𝑗 ∈ 𝐺 ∶ 𝑝𝑖[𝑘] = 𝑝𝑗 [𝑘]
4. ∄𝑝𝑗 ∈ 𝑃 − 𝐺 such that ∃𝑝𝑖 ∈ 𝐺 and ∀𝑑𝑘 ∈ 𝑈 ∶ 𝑝𝑖[𝑘] = 𝑝𝑗 [𝑘]

Intuitively, 𝑆𝐺(𝐺,𝑈 ) is the maximal set of points with same values in 𝑈 , these points are subspace skylines in 𝑈 , and 𝑈 is
the maximal set of dimensions for which this set of points coincide. In more detail, the conditions used to define the concept of
maximal skyline group can be interpreted as follows. Condition 1 demands that all points in group 𝐺 are subspace skyline points in
𝑈 . Condition 2 requires that all points in group 𝐺 are identical with respect to 𝑈 , i.e., they have the same values in all dimensions

3 This definition is equivalent to the definition of [18].
5
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Fig. 4. Example of decisive skyline set.

of 𝑈 . Condition 3 states that 𝑈 is the maximal subspace for which all points 𝑝𝑖 of 𝐺 share the same values in all dimensions. Finally,
Condition 4 demands that 𝐺 is a maximal group of points, i.e., there exists no other point that does not belong to 𝐺 and has the
same values in 𝑈 . Moreover, notice that 𝐺 may contain only one point, i.e., 𝐺 = {𝑝}. More precisely, every skyline point 𝑝 forms a
maximal skyline group 𝑆𝐺({𝑝},) assuming that there is no point 𝑝′ such that ∀𝑑𝑘 ∈  ∶ 𝑝[𝑘] = 𝑝′[𝑘].

Example 4. Consider the small 3-dimensional data set 𝑃 depicted in Fig. 4(a). The skyline sets for all subspaces are depicted in
Fig. 4(b). In this example, the pair of {{𝑝2, 𝑝4}, 𝐴} is a valid maximal skyline group 𝑆𝐺({𝑝2, 𝑝4}, 𝐴), because 𝑝2 and 𝑝4 coincide in

, are subspace skylines in 𝐴, and there exist no other points sharing the same values neither another dimension for which 𝑝2 and
4 have the same value. On the other hand, {{𝑝3}, 𝐶} is not a valid maximal skyline group, since Condition 4 is violated (𝑝3 shares
he same values with 𝑝4 in dimension 𝐶).

In the following, we define the concept of decisive subspaces for a maximal skyline group.

efinition 6 (Decisive Subspaces of Maximal Skyline Group). Given a maximal skyline group 𝑆𝐺(𝐺,𝑈 ), a subspace 𝑉 ⊆ 𝑈 is called
ecisive for 𝑆𝐺(𝐺,𝑈 ) if

1. ∀𝑝𝑖 ∈ 𝐺 it holds that 𝑝𝑖 ∈ 𝑉 (𝑃 )
2. (𝐺, 𝑉 ) = 𝐺
3. ∄𝑉 ′ ⊂ 𝑉 such that conditions (1) and (2) hold for 𝑉 ′.

.3. Decisive skyline points

We denote the decisive subspaces of the maximal skyline group 𝑆𝐺(𝐺,) as 𝐷𝑒𝑐𝑆𝑢𝑏(𝐺). Notice that in the general case, the
ecisive subspaces are defined based on a group of points that coincide in a subspace 𝑈 . Given a decisive subspace 𝑉 of maximal
kyline group 𝑆𝐺(𝐺,𝑈 ) it holds that 𝑉 ⊆ 𝑈 . A decisive subspace 𝑉 of 𝑆𝐺(𝐺,𝑈 ) means that all points in 𝐺 share the same values in

and are in the subspace skyline set for every subspace 𝑉 ′ such that 𝑉 ⊆ 𝑉 ′ ⊆ 𝑈 . We cannot conclude if all points of 𝐺 belong to
he skyline set of , since depending on the remaining dimensions some of them may be dominated. Only if they are incomparable
n the remaining dimensions, then all of them will belong to the skyline set. On the other hand, skyline points that belong to a
aximal skyline group 𝑆𝐺(𝐺,) that has the full space as a decisive subspace are included to the skyline set based on the values

f all given dimensions, regardless if these points form groups in some subspaces.

efinition 7 (Strict Decisive Skyline Points). A skyline point 𝑝 belongs to the decisive skyline set (𝑃 ) ⊆ (𝑃 ) of a data set 𝑃 , if
here exists a maximal skyline group 𝑆𝐺(𝐺,) such that 𝑝 ∈ 𝐺 and the decisive subspace of 𝐺 is the full space (𝐷𝑒𝑐𝑆𝑢𝑏(𝐺) ={}).

efinition 8 (Relaxed Decisive Skyline Points). A skyline point 𝑝 belongs to the relaxed decisive skyline set ̂(𝑃 ) ⊆ (𝑃 ) of a data
et 𝑃 , if there exists a maximal skyline group 𝑆𝐺(𝐺,) such that 𝑝 ∈ 𝐺 and the union of the decisive subspaces of 𝐺 is the full
pace (⋃∀𝑈𝑖∈𝐷𝑒𝑐𝑆𝑢𝑏(𝐺) 𝑈𝑖 = {}).

xample 5. Consider again the data set 𝑃 depicted in Fig. 4(a). The decisive subspaces for each maximal skyline group 𝑆𝐺(𝐺,𝑈 )
re shown in Fig. 4(c). We observe that point 𝑝1 is the only point that belongs to the decisive skyline set or, put differently, only
1 has the full space ABC as its decisive subspace. Point 𝑝3 has B as decisive subspace because it has the minimum value in B and
o other point coincides with 𝑝3 in B. In turn, this means that 𝑝3 belongs to the skyline set independently of its values in the other
imensions. In this example, 𝑝3 has the worst value of all points in dimension A. On the other hand, point 𝑝2 has AB as decisive
ubspace and not A, even though it is subspace skyline in A. This is because it coincides with 𝑝 in A and they form a group {𝑝 , 𝑝 }
6
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in that subspace. Thus, 𝑝2 could (in theory) be dominated in the full space by 𝑝4, but it qualifies as a skyline point based on its
ombined values in the dimensions A and B. Still, the value of 𝑝2 in dimension C does not influence whether 𝑝2 belongs to the
kyline set or not, thus this value can be arbitrarily high. Note that in this small example, the strict and relaxed decisive skyline
oints are the same.

The above problem is different than the one studied in [18], which computes all skyline groups in order to find the skyline points
n all subspaces.

. Decisive skyline algorithm

A straightforward way to compute the decisive skyline set is to compute all maximum skyline groups and their decisive subspaces.
hen, the points that belong to a group that have the full space as a decisive subspace can be easily determined. Computing all
aximum skyline groups requires evaluating all 2𝑚 − 1 subspace skyline queries and requires multiple disk accesses on the same
ata. We refer to this approach as Naive.

As we will show in the following, we develop an algorithm for computing the strict decisive skyline set with two salient features.
irst, our algorithm avoids evaluating all subspace skyline queries, and instead evaluates only 𝑚+1 skyline queries. Second, assuming
hat data is indexed by a multidimensional index, we define an appropriate query that allows our algorithm to traverse the index
t most once, retrieve a set of candidate points, and refine the result set in main-memory.

In Section 4.1, we show that the correct (𝑃 ) of 𝑃 can be produced by using only the (𝑚 − 1)-dimensional subspace skyline
ets. Moreover, we define the enriched skyline and prove that this set of points suffices to produce the strict decisive skyline set.
hen, in Section 4.2, we propose an algorithm that exploits the pruning properties in order to compute the strict decisive skyline
et in an efficient manner. Finally, in Section 4.3, we extend our approach for computing the relaxed decisive skyline set.

.1. Pruning properties

One important observation is that the strict decisive skyline points (𝑝 ∈ (𝑃 )) are exactly those skyline points (𝑝 ∈ (𝑃 )) that
or any (𝑚 − 1)-dimensional subspace 𝑈 they are either dominated (𝑝 ∉ 𝑈 (𝑃 )) or share the same values in 𝑈 with another data
oint 𝑝′ (𝑝′ =𝑈 𝑝 and 𝑝′ ≠ 𝑝).4

heorem 1. A skyline point 𝑝 ∈ (𝑃 ) belongs to the strict decisive skyline set (𝑃 ), if there exists no (𝑚 − 1)-dimensional subspace 𝑈
n which 𝑝 is subspace skyline and no other point 𝑝′ ≠ 𝑝 has identical values with 𝑝 in 𝑈 , i.e., ∄𝑈 ⊂ , |𝑈 | = 𝑚 − 1 such that 𝑝 ∈ 𝑈 (𝑃 )
nd ∄𝑝′ ∶ 𝑝′ =𝑈 𝑝 and 𝑝′ ≠ 𝑝.

roof (Sketch). Assume that there exists a strict decisive skyline point 𝑝 ∈ (𝑃 ) for which ∃𝑈 ⊂ , |𝑈 | = 𝑚 − 1 such that
∈ 𝑈 (𝑃 ) and ∄𝑝′ ∶ 𝑝 =𝑈 𝑝′ and 𝑝 ≠ 𝑝′. We distinguish two cases. First, let us assume that ∄𝑝′ ∈ 𝑃 such that 𝑝′ = 𝑝. Then,

ccording to Definition 5, skyline point 𝑝 forms a maximal skyline group in , i.e., 𝑆𝐺({𝑝},), and since 𝑝 is a decisive skyline point
𝑒𝑐𝑆𝑢𝑏(𝑝) = {}. Based on Definition 6 this means that there exists no subspace 𝑉 of  such that 𝑝 ∈ 𝑉 (𝑃 ) and ({𝑝}, 𝑉 ) = {𝑝}.
evertheless, it holds that 𝑈 ⊂  that 𝑝 ∈ 𝑈 (𝑃 ) and ({𝑝}, 𝑈 ) = {𝑝} (this is because ∄𝑝′ ∶ 𝑝 =𝑈 𝑝′), which is a contradiction.
econd, the case ∃𝑝′ ∈ 𝑃 such that 𝑝′ = 𝑝 can be proved in a similar way. The main modification is that the maximal skyline group
s defined based on the set of points that share the same values in .

From the above theorem, we derive that every strict decisive skyline point 𝑝 is either dominated in 𝑈 or there exists another
oint 𝑝′ (𝑝′ ≠ 𝑝) that shares the same values in the dimensions of 𝑈 , but not in the full space. Obviously, in the latter case, 𝑝′ is
lso a subspace skyline point in 𝑈 .

To increase the efficiency of query processing, we are interested to identify a subset of 𝑃 that is sufficient for computing (𝑃 )
f 𝑃 , in the sense that by taking into account only this subset of points we can decide whether a point belongs or not to (𝑃 ).
otivated from the above discussion, we identify such a subset of 𝑃 as the union of the skyline points (𝑃 ) and all subspace skyline

oints 𝑈 (𝑃 ) of any (𝑚 − 1)-dimensional subspace 𝑈 ⊂ , |𝑈 | = 𝑚 − 1. We denote this set of points (𝑃 ). The following theorem
roves that (𝑃 ) is sufficient for computing the strict decisive skyline set of a data set 𝑃 .

heorem 2. Given a data set 𝑃 defined over an 𝑚-dimensional data space , the set of points: (𝑃 ) = ((𝑃 )) ∪ (∪∀𝑈⊂,|𝑈 |=𝑚−1𝑈 (𝑃 ))
s sufficient for computing the strict decisive skyline set (𝑃 ).

roof (Sketch). Based on Theorem 1, a skyline point 𝑝 belongs to (𝑃 ) if 𝑝 is not a subspace skyline in any (𝑚 − 1)-dimensional
ubspace 𝑈 and there exists no other point 𝑝′ with identical values in 𝑈 . (𝑃 ) contains all skyline points, hence all potential
andidates for the decisive skyline set. Further, since (𝑃 ) contains all (𝑚 − 1)-dimensional subspace skyline points, we can easily
etermine if a skyline point 𝑝 does not belong to any (𝑚−1)-dimensional subspace skyline. If 𝑝 belongs to the subspace skyline of a
ubspace 𝑈 , then again we can use (𝑃 ) to determine the existence of another point 𝑝′ with identical values to 𝑝 in 𝑈 , since both
and 𝑝′ will belong to the subspace skyline of 𝑈 (𝑝 =𝑈 𝑝′ and 𝑝 ∈ 𝑈 (𝑃 )). Hence, (𝑃 ) suffices to check all cases of Theorem 1,

nd thus produce the strict decisive skyline set (𝑃 ).

4 We denote 𝑝′ = 𝑝, if it holds that ∀𝑑 ∈ 𝑈 ∶ 𝑝[𝑖] = 𝑝′[𝑖].
7

𝑈 𝑖



Data & Knowledge Engineering 147 (2023) 102206A. Vlachou et al.

a
s
p
o

D

p

i
b

T

P
a
a
O
𝑈


4

a
e


b
a
B
o
v

q
s
q
g
r
R
s

p
p
(
w
t
s
o

p
e
v
i
o
l
(

4

s

In order to compute the strict decisive skyline points we need the set of skyline points in  and all subspace skyline points in
ny (𝑚 − 1)-dimensional subspace. However, retrieving from disk this set entails non-negligible cost, since in the simplest case one
kyline query and 𝑚 subspace skyline queries need to be processed and the index must be accessed multiple times. To avoid this
rocessing overhead, we identify a super-set of this set that can be efficiently retrieved by traversing the index structure at most
nce.

efinition 9 (Enriched Skyline). A point 𝑝 ∈ 𝑃 is said to partially dominate another point 𝑞 ∈ 𝑃 on , if (1) on every dimension
𝑑𝑖 ∈ , 𝑝[𝑖] ≤ 𝑞[𝑖]; and (2) on at least two dimensions 𝑑𝑗 , 𝑑𝑘 ∈ , 𝑝[𝑗] < 𝑞[𝑗] and 𝑝[𝑘] < 𝑞[𝑘]. The enriched skyline of 𝑃 is the set of
oints 𝑒(𝑃 ) ⊆ 𝑃 which are not partially dominated by any other point.

The above definition assumes that the enriched skyline is defined on a data space that contains at least two dimensions,
.e., || ≥ 2. An interesting observation is that the enriched skyline uses a slightly modified definition of dominance, that can
e supported by any skyline algorithm with marginal overhead, by simply changing the function used for point dominance.

heorem 3. The enriched skyline set is sufficient to compute the strict decisive skyline set (𝑃 ).

roof. It suffices to show that the enriched skyline set is a super-set of (𝑃 ). We will prove this by contradiction. Let 𝑝 denote
point in (𝑃 ) that does not belong to the enriched skyline set. Since 𝑝 does not belong to the enriched skyline set, there exists
point 𝑞 that partially dominates 𝑝, i.e., ∀𝑑𝑖 ∈  ∶ 𝑞[𝑖] ≤ 𝑝[𝑖] and ∃𝑑𝑗 , 𝑑𝑘 ∈  with 𝑗 ≠ 𝑖 and 𝑘 ≠ 𝑖: 𝑞[𝑗] < 𝑝[𝑗] and 𝑞[𝑘] < 𝑝[𝑘].
bviously, this means that 𝑞 also dominates 𝑝 in the full space. It also means that 𝑞 dominates 𝑝 in all (𝑚−1)-dimensional subspace
(since any such subspace always contains at least one of the dimensions 𝑑𝑗 , 𝑑𝑘). Hence, 𝑝 does not belong to (𝑃 ) nor to any

𝑈 (𝑃 ), which means that 𝑝 ∉ (𝑃 ). This contradicts our assumption.

.2. Algorithmic description

Based on the aforementioned pruning properties, we design an efficient algorithm, called Decisive Skyline Algorithm and denoted
s DSA, for computing the strict decisive skyline (𝑃 ) of a set of points 𝑃 . The main idea of our algorithm is to first compute the
nriched skyline set, that is both easy to compute and sufficient to compute the decisive skyline points. Thereafter, DSA computes
(𝑃 ) by efficient processing of the underlying subspace skyline queries without the need to access the disk repeatedly.

One advantage of our algorithm is that any skyline algorithm can be easily modified to compute the enriched skyline set,
y modifying the dominance test. In the following, we assume that the data is indexed by a multi-dimensional index and BBS
lgorithm [21] is used for the skyline computation. Note that the BBS returns the skyline points progressively and the correctness of
BS relies on the following property of skyline points: a point that has a larger distance cannot dominate a point that has a smaller
r equal distance to the origin. The same property holds also for the enriched skyline set, therefore the correctness of BBS is not
iolated by changing the dominance test.

After retrieving the enriched skyline points, they are inserted in the main-memory R-tree. DSA processes 𝑚 subspace skyline
ueries (of dimensionality 𝑚−1) using the main-memory R-tree, for excluding non-decisive skyline points from the already computed
kyline set. Notice that the main-memory R-tree indexes only the enriched skyline points, therefore the execution of subspace skyline
ueries is more efficient compared to processing on the entire data set 𝑃 on disk. Since decisive skyline subspaces are defined for
roups of points that coincide in the subspace, it is important to process the points in groups. If the subspace skyline points are
eturned sorted based on a scoring function, this can be done easily by processing all points that have the same score in a batch.
ecall that, a point may have as decisive subspace the full space, even if it is a subspace skyline, if there exists another subspace
kyline point that shares the same values in all dimensions of the subspace.

The pseudocode describing DSA is shown in Algorithm 1. The algorithm takes as input a data set 𝑃 indexed by an R-tree  and
roduces the strict decisive skyline set (𝑃 ) as output. First, the modified BBS is executed on the R-tree that indexes 𝑃 , and it
opulates the main-memory R-tree  with the enriched skyline points (and only those). In addition, the skyline set (𝑃 ) is retrieved
line 2). Notice that the two parameters of the 𝐵𝐵𝑆() call in the pseudocode correspond to the index used by BBS and the subspace
hich is processed respectively. DSA exploits the main-memory R-tree internally used by BBS. Thus, DSA takes practically for free

he index structure that is constructed by BBS during the skyline computation, thereby making the subsequent execution of subspace
kyline queries extremely efficient. Moreover, as all decisive skyline points belong to the skyline set, we modify further BBS, so that
nly skyline points are reported as result ((𝑃 )), even though the main-memory R-tree indexes the enriched skyline points.

Then, DSA executes 𝑚 subspace skyline queries on the main-memory R-tree  iteratively (lines 3–20). BBS returns the skyline
oints progressively in ascending order of their distances to the origin of the axes. For each (𝑚 − 1)-dimensional subspace 𝑈 , DSA
xploits the progressive property of BBS (line 7) and places them in a buffer  (line 9). This guarantees that points with identical
alues in 𝑈 are processed in a batch. Processing of a batch of points includes examining each point 𝑝 in  and checking whether it
s a candidate point (lines 11–15). If so, then we test if there exists another point 𝑝′ with identical values on the 𝑚 − 1 dimensions
f 𝑈 , but different on the last dimension. If such a point 𝑝′ does not exist, then point 𝑝 can safely be discarded from the candidate
ist (line 13). The same procedure is repeated until all subspace skyline points are processed or the candidate list ((𝑃 )) gets empty
line 6).

.3. Processing relaxed decisive skyline queries

In the following, we show how DSA can be used for computing the relaxed decisive skyline set ̂(𝑃 ). Recall that decisive
̂ ̂
8

kyline points also belong to the relaxed decisive skyline set ((𝑃 ) ⊆ (𝑃 )). In order to retrieve the additional points of (𝑃 ),
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Algorithm 1 Decisive Skyline Algorithm (DSA)
input: The R-tree index  built on data set 𝑃
output: The decisive skyline set (𝑃 )

1:  ← 𝑛𝑢𝑙𝑙,  ← ∅ {:main-memory R-tree, :buffer}
2: ((𝑃 ),) ← 𝐵𝐵𝑆(, )
3: for 𝑖 = 1...𝑚 do
4: 𝑈 ←  − 𝑑𝑖 {𝑈 :current subspace of 𝑚 − 1 dimensions}
5: 𝑡𝑚𝑝𝐷𝑖𝑠𝑡 ← −1
6: while has next point 𝐵𝐵𝑆(, 𝑈 ) and (𝑃 ) ≠ ∅ do
7: 𝑞 ← next point of 𝐵𝐵𝑆(, 𝑈 )
8: if 𝐷𝑖𝑠𝑡𝑈 (𝑞) = 𝑡𝑚𝑝𝐷𝑖𝑠𝑡 then
9:  =  ∪ 𝑞

10: else
11: for all 𝑝 ∈  do
12: if (𝑝 ∈ (𝑃 )) and (∄𝑝′ ∈  ∶ ∀𝑑𝑘 ∈ 𝑈 𝑝[𝑘] = 𝑝′[𝑘] and 𝑝[𝑖] ≠ 𝑝′[𝑖]) then
13: (𝑃 ) ← (𝑃 ) − 𝑝
14: end if
15: end for
16:  = {𝑞}
17: end if
18: 𝑡𝑚𝑝𝐷𝑖𝑠𝑡 ← 𝐷𝑖𝑠𝑡𝑈 (𝑞)
19: end while
20: end for
21: return (𝑃 )

we have to examine only skyline points (candidates) that belong to at least two 𝑚 − 1 dimensional subspace skyline sets. In this
case, we have to further evaluate if these subspaces are decisive subspaces for the candidate. If a subspace is not decisive, we need
to recursively examine its children subspaces in the lattice structure.

Based on this discussion, we modify DSA in order to retrieve the decisive subspaces too. In more detail, we do not discard points
in line 13, but instead keep for each candidate point 𝑝 a list of subspaces, namely those for which 𝑝 is subspace skyline. At the end
of the algorithm, we need to distinguish three cases for any candidate 𝑝:

• If the list of 𝑝 is empty, then 𝑝 is a decisive skyline point.
• Otherwise, if the subspaces in the list of 𝑝 do not cover all dimensions, then 𝑝 can be discarded.
• Otherwise, DSA is executed recursively for all subspaces in the list.

During recursive operation, if 𝑝 belongs to the decisive skyline set of a subspace or it is discarded, then we stop the recursion.
After, finishing with the recursive DSA evaluations, we test if the subspaces for which 𝑝 belongs to the decisive skyline set cover all
dimensions. If this is the case, then the candidate is added to ̂(𝑃 ).

5. Experimental evaluation

In this section, we provide a detailed experimental study of the decisive skyline query. All algorithms are implemented in Java
and the experiments run on a machine with 2x Intel Xeon X5650 Processors (2.66 GHz), 128 GB. Our code is publicly available.5

Data sets. We employed synthetic data sets to examine different distributions, namely uniform (UN), correlated (CO) and anti-
correlated (AC). The correlated (CO) and anti-correlated (AC) data sets were generated as described in [1]. For our experiments
on synthetic data, we report the average results over 10 different instances of the data set. We generate the different instances by
keeping the parameters fixed and changing the seeds of the random number generator. We adopt this approach in order to factor
out the effects of randomization. We also used two real data sets. NBA6 consists of 21,961 17-dimensional tuples representing a
layer’s performance per year. We use different variants of this data set, by selecting dimensions from the following 6 criteria,
amely minutes played (min), number of points scored (pts), offensive rebounds (oreb), defensive rebounds (dreb), assists (asts),
nd steals (stl). We also employ DBLP which contains data that reflect DBLP entries before 15/10/2008. We use the authors as
oints represented in a multidimensional space defined by the number of publications in selected conferences (dimensions).
Algorithms. We evaluate the DSA algorithm and compare its performance to Naive (described in the beginning of Section 4) for

omputing strict decisive skyline points. We also implement a state-of-the-art algorithm for skyline computation, namely BBS [21],
o compare its performance to our approach. These algorithms use a disk-based R-tree with block size of 4 KB and a buffer of size

5 https://doi.org/10.5281/zenodo.8151919.
6 Available at: http://www.databasebasketball.com/.
9

https://doi.org/10.5281/zenodo.8151919
http://www.databasebasketball.com/


Data & Knowledge Engineering 147 (2023) 102206A. Vlachou et al.

1

o
s
m
t
q
t
i

t
t
c
A
t

f
t

Fig. 5. Cardinality of the decisive skyline set versus traditional skyline set for varying data dimensionality.

00 nodes. Furthermore, we implement two representative skyline algorithms, namely dominance-based representative (DoR) [8]
and distance-based representative (DiR) [11], in order to evaluate their ability to report decisive skyline points.

Parameters. We vary the dimensionality (𝑚) of the data from 2 to 9, the cardinality (𝑛) of the data set from 100K to 1M, and
we test different data sets (UN,AC,CO,NBA,DBLP). Unless explicitly mentioned, the default setup is 𝑚 = 5, |𝑛| = 1M, and we employ
the UN data set.

Methodology. First, we study the cardinality of the decisive skyline sets compare to the skyline set (Section 5.1). Apart from this
quantitative study, we also include a qualitative study, by inspecting the decisive skyline points and demonstrating their advantages
over skyline points in terms of balancing all criteria (Section 5.2). In addition, we evaluate performance of DSA by measuring the time
required for computing the strict decisive skyline query (Section 5.3). For the experiments with representative skyline algorithms,
we also measure the achieved recall of these algorithms in terms of retrieving strict decisive skyline points (Section 5.4).

5.1. Cardinality of the decisive skyline query

In this section, we study the cardinality of the decisive skyline query for different data distributions, varying the number of
dimensions and cardinality of the data sets. We compare the cardinality of (𝑃 ) and ̂(𝑃 ) with the cardinality of traditional
skyline set.

Fig. 5 shows the size of the decisive skyline sets for increasing dimensionality and for three different data distributions, namely
uniform (UN), correlated (CO), and anti-correlated (AC). We employ synthetic data sets containing 1M points each. In Fig. 5(a), the
data set follows a uniform data distribution. The size of (𝑃 ) is comparable to the cardinality of the skyline set up to 3 dimensions,
and after |(𝑃 )| grows slower than in the case of the skyline set. After 6 dimensions, the cardinality of the strict decisive skyline
set remains practically stable, while the number of skyline points continues to increase exponentially. This verifies our claim that
the skyline set contains a large number of points that balance only a subset of the given criteria, while the number of decisive
skyline points remains constant or decreases after a certain number of dimensions, as it is harder to balance an increasing number
of criteria. On the other hand, |̂(𝑃 )| increases more rapidly than |(𝑃 )|, but still is significant smaller than the skyline set.

In Fig. 5(b), the data set follows the correlated (CO) data distribution. The cardinality of (𝑃 ) grows slower than the cardinality
f the skyline set and for more than 3 dimensions, it starts to decrease. For more than 6 dimensions, the number of strict decisive
kyline points is close to zero. This is because skyline points are close to the origin of the space in the case of correlated data. This
eans that in each dimension their value is either the minimum value or some value close to the minimum. In turn, this means that

he decisive subspace for such points will not be the full space, but some other subspace. Therefore, these skyline points will not
ualify as strict decisive skyline points. Again, this experiment shows that there exist very few points that balance all criteria when
he number of dimensions increases. By relaxing the decisive skyline set, more skyline points are included in the result set ̂(𝑃 ),
ndicating that many skyline points balance more than one subspace of the criteria due to the correlated nature of the data set.

In the case of anti-correlated (AC) data set (Fig. 5(c)), the output size of all queries is significantly larger than UN or CO, due to
he nature of the AC data generation, where the data points are generated in such a way that pairwise dominations are rare. When
he dimensionality increases to 9 dimensions, the traditional skyline query returns almost the complete data set as result, which is
learly problematic for the user. However, notice that the strict decisive skyline decreases after 7 dimensions, even in the case of
C. This is strong evidence that the decisive skyline query succeeds to exclude many points that do not balance all criteria, even in

he case of the challenging AC distribution.
Fig. 6 compares the cardinality of traditional and decisive skyline sets when the size of the data set increases up to 1M points,

or UN (Fig. 6(a)), CO (Fig. 6(b)) and AC (Fig. 6(c)). Again, in all cases, the cardinality of the decisive skyline sets is much smaller
10

han the cardinality of traditional skyline set.
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Fig. 6. Cardinality of the decisive skyline set versus traditional skyline set for varying data cardinality.

Table 2
Skyline points of the DBLP data set for dimensions {𝑆𝐼𝐺𝑀𝑂𝐷, 𝑃𝑂𝐷𝑆,𝐶𝐼𝐾𝑀}. ̂(𝑃 ): in bold, (𝑃 ): underlined.
Id Name SIGMOD PODS CIKM 𝐷𝑒𝑐𝑆𝑢𝑏()

1 Divyakant Agrawal 14 7 11 {S,P,C}
2 Jeffrey F. Naughton 29 9 1 {S,P}
3 Amr El Abbadi 7 8 12 {P,C}
4 Jiawei Han 26 0 8 {S,C}
5 Dan Suciu 14 15 2 {P,C}
6 Serge Abiteboul 15 24 0 {S,P}
7 Michael J. Carey 36 3 0 {S}
8 Jeffrey D. Ullman 17 16 0 {S,P}
9 Divesh Srivastava 28 10 3 {S,C}, {P,C}
10 Yehoshua Sagiv 8 29 1 {P}
11 Christos Faloutsos 19 4 8 {S,P,C}
12 Raghu Ramakrishnan 28 14 1 {S,P}
13 Surajit Chaudhuri 33 8 0 {S,P}
14 Philip S. Yu 18 1 18 {C}
15 David J. DeWitt 33 1 1 {S,C}

5.2. Experiments with real data sets

In the following, we perform skyline analysis on data extracted from DBLP, in order to discover researchers with significant
umber of publications on a combination of conferences. Major conferences from different research areas are selected as criteria
hat need to be balanced. In particular, we show the results of two queries, one posed with criteria {SIGMOD,PODS,CIKM} (Table 2)
nd another one with {SIGMOD,PODS,VLDB} (Table 3). We underline the strict decisive skyline points, while relaxed decisive skyline
oints are shown using bold. Each researcher is represented as a 3-dimensional point with values equal to the number of publications
or each of the selected conferences, and higher values are preferable.

Table 2 shows the skyline set for {SIGMOD,PODS,CIKM}. Divyakant Agrawal and Christos Faloutsos are the strict decisive skyline
points and they balance nicely all criteria, compared to the remaining skyline points. By inspecting the result set, we observe that
several researchers do not truly balance all given criteria (dimensions). Instead, they may balance subsets of the available dimensions
only, but not all of them. For instance, Jeffrey D. Ullman nicely balances SIGMOD and PODS, but not CIKM. The same holds for both
Serge Abiteboul and Raghu Ramakrishnan, who are also experts in data management. On the other hand, Yehoshua Sagiv is included
n the result due to the extremely high number of PODS publications. The decisive skyline query manages to exclude these points
rom the result set, thus returning only points that truly balance all criteria. It is likely that if a user were interested in only a
ubset of the criteria, she would have posed a 2-dimensional query with only the criteria of interest instead. On the other hand,
ivesh Srivastava will be included in the relaxed decisive skyline set, because he is a subspace skyline in subspaces {PODS,CIKM}
nd {SIGMOD,CIKM} that cover the full space, thus he manages to balance all given criteria.

Table 3 shows the skyline set for {SIGMOD,PODS,VLDB}. Some researchers balance subsets of the available dimensions only,
ut not all of them. Nevertheless, none of the researchers are in the decisive skyline set, because the criteria are highly correlated.
he reader may notice that also Serge Abiteboul seems to balance all given criteria, but is not in the strict decisive skyline set. This

s because he has as decisive subspaces {SIGMOD,PODS} and {PODS,VLDB}, but not the full space. Similarly, Raghu Ramakrishnan
as as decisive subspaces {SIGMOD,PODS}, {SIGMOD,VLDB} and {PODS,VLDB} and is excluded from the strict decisive skyline set.
owever, both Serge Abiteboul and Raghu Ramakrishnan are included in the relaxed decisive skyline set.

In addition, we study the cardinality of the decisive skyline set as well as the quality of the retrieved decisive skyline points in
he case of the NBA data set, which is typically used in skyline research. Table 4 compares the cardinality of the decisive skyline
et to the skyline cardinality for increasing number of criteria. Clearly, the skyline cardinality increases with dimensionality and the
kyline query returns too many points to the user to inspect, even for 4 dimensions. Instead, the size of (𝑃 ) is more stable and
ot overwhelming for the user. The cardinality of ̂(𝑃 ) increases faster than (𝑃 ), but is still smaller than the skyline set.
11
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Table 3
Skyline points of the DBLP data set for dimensions {𝑆𝐼𝐺𝑀𝑂𝐷, 𝑃𝑂𝐷𝑆, 𝑉 𝐿𝐷𝐵}. ̂(𝑃 ): in bold.
Id Name SIGMOD PODS VLDB 𝐷𝑒𝑐𝑆𝑢𝑏()

1 Jeffrey F. Naughton 29 9 26 {S,P}
2 Michael J. Carey 36 3 26 {S}
3 Serge Abiteboul 15 24 15 {S,P}, {P,V}
4 David J. DeWitt 33 1 29 {S,V}
5 Raghu Ramakrishnan 28 14 30 {S,P}, {S,V}, {P,V}
6 Jeffrey D. Ullman 17 16 3 {S,P}
7 H. V. Jagadish 26 5 35 {V}
8 Surajit Chaudhuri 33 8 26 {S,P}
9 Yehoshua Sagiv 8 29 8 {P}

Table 4
Cardinality of decisive skyline set for varying number of criteria in NBA data set.
𝑚 |(𝑃 )| |(𝑃 )| |̂(𝑃 )| Criteria

3 35 10 13 pts,oreb,dreb
4 94 8 28 pts,oreb,dreb,asts
5 171 12 42 pts,oreb,dreb,asts,stl
6 251 3 45 pts,oreb,dreb,asts,stl,minutes

Table 5
Cardinality of decisive skyline set for different selection of 4 criteria in NBA data set.
𝑚 |(𝑃 )| |(𝑃 )| |̂(𝑃 )| Criteria

4 94 8 28 pts,oreb,dreb,asts
4 137 17 38 pts,dreb,asts,stl
4 63 6 18 oreb,dreb,asts,stl
4 75 5 17 pts,oreb,asts,stl

Table 6
Decisive skyline points of NBA data set for criteria (pts,oreb,dreb). ̂(𝑃 ): in bold, (𝑃 ): underlined.
Id Year Name pts oreb dreb

1 1975 Julius Erving 423 207 160
2 1982 Magic Johnson 829 176 47
3 1993 David Robinson 381 139 265
4 1993 Mookie Blaylock 789 212 44
5 1987 Alvin Robertson 557 243 69
6 1983 Isiah Thomas 914 204 33
7 1986 Clyde Drexler 566 204 71
8 1988 Michael Jordan 650 234 65
9 1985 Paul Pressey 623 168 71
10 1990 Scottie Pippen 511 193 93
11 1991 John Stockton 1126 244 22
12 1987 Michael Jordan 485 259 131
13 1989 Hakeem Olajuwon 234 174 376

In Table 5, we fix the dimensionality to 4 and try different variations of the available criteria, in order to examine the cardinality
f the result set under different correlations between the given criteria. The size of both sets (𝑃 ) and ̂(𝑃 ) is influenced slightly
nd (𝑃 ) always contains 6–12.5% of the skyline points, while ̂(𝑃 ) contains 22–29% of the skyline points. Thus, the strict decisive
kyline set succeeds to restrict more the size of the result set, and at the same time ensures that all returned points balance all given
riteria.

In Table 6, we depict the 10 decisive skyline points in the case of criteria: number of points scored (pts), offensive rebounds
oreb), and defensive rebounds (dreb). We also list the 3 points that belong to the relaxed decisive skyline set (points with IDs
1–13). We do not show all 35 skyline points in the interest of space. This list of decisive skyline points allows us to qualitatively
udge the appropriateness of the decisive skyline query to retrieve players that truly balance all criteria. We observe that all players
emonstrate interesting tradeoffs in the three dimensions. Also, the knowledgeable reader can clearly see that all players are well-
nown legends of basketball, which further demonstrates the ability of the decisive skyline query to retrieve interesting points for
he user.

.3. Performance of decisive skyline algorithm

In this section, we study the performance of the algorithms for processing the decisive skyline query. To this end, we compare
12

he performance of DSA against the Naive algorithm. Then, we study the cost of computing the strict decisive skyline query (using
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Fig. 7. Performance of DSA versus Naive (response time to the left, response time ratio to the right).

DSA), compared with the cost of computing the skyline query (using the BBS algorithm). Although in this latter experiment DSA and
BBS compute two different result sets, the experiment aims to answer the following interesting question: how much is the overhead
of computing decisive skyline points, compared to the computation of the skyline set?

Figs. 7(a) and 7(b) shows the response time and response time ratio for varying the data dimensionality. The response time
ratio is calculated as the response time for DSA divided with the time for baseline, i.e., 𝑡𝐷𝑆𝐴∕𝑡𝑁𝑎𝑖𝑣𝑒, shown to better illustrate the
elative performance. Practically, it shows how much faster DSA is compared to Naive as a fraction. DSA is more efficient than
aive in all setups. The performance of Naive drops significantly for increasing dimensionality, thus the advantage of DSA over
aive increases, as shown in Figs. 7(a) and 7(b). In fact, DSA is more than one order of magnitude faster than Naive for the largest
imensionality tested. Figs. 7(c) and 7(d) shows the performance of DSA and Naive for varying the cardinality of the data set.
learly, DSA outperforms Naive and more importantly, the gain of DSA in terms of response time increases with the cardinality of
he data set (Figs. 7(c) and 7(d)). Overall, this experiment shows the efficiency of DSA for larger data sets.

We also investigate the overhead of DSA compared to a state-of-the-art skyline algorithm (BBS). The results presented in
ig. 8 show the response time for DSA and BBS for varying dimensionality and cardinality of the data sets. When increasing the
imensionality (Figs. 8(a) and 8(b)), the difference in response time between DSA and BBS is small and increases slowly. When
arying the cardinality (Figs. 8(c) and 8(d)), the difference in time between DSA and BBS is small and constant, which is the
xpected result since the major impact in DSA is the number of subspace computations that is fixed in this setting. In summary,
ur finding is that DSA retrieves the strict decisive skyline set with a slightly increased cost compared to a state-of-the-art skyline
lgorithm that retrieves the traditional skyline set.

.4. Comparison with representative skylines

Thereafter, we try to answer the following research question: can the set of decisive skyline points be obtained by existing
lgorithms proposed for representative skyline computation? To this end, we provide a comparison of our algorithm for computing
he strict decisive skyline set against two well-known skyline representative algorithms, namely dominance-based representative
DoR) [8] and distance-based representative (DiR) [11]. As mentioned, on the one hand we compare qualitatively these approaches
o ours, in order to see if these approaches manage to retrieve decisive skyline points. On the other hand, we also compare the
erformance of these approaches to ours, as an indication of the efficiency of our algorithm. DoR selects 𝑘 skyline points, so that
he number of points dominated by at least one of these 𝑘 skyline points is maximized. DiR retrieves 𝑘 representative skyline points,
hich are defined as the set of 𝑘 points that minimize the maximum distance between a non-representative skyline point and its
earest representative. In addition, we use a Random algorithm that selects 𝑘 representative skyline points from the skyline set at

random.
Fig. 9(a) shows the number of strict decisive skyline points retrieved by the representative skyline algorithms as the value of
13

𝑘 increases. In this experiment, the size of strict decisive skyline set is 192 and the skyline cardinality is 952. As shown in the
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Fig. 9. Comparison with skyline representative algorithms.

chart, both DoR and DiR fail to retrieve the decisive skyline points. In fact, even a random selection of skyline points (Random)
retrieves more decisive skyline points than DoR and DiR. This demonstrates that the existing skyline representative algorithms do
not take into account the semantics of the skyline points and select completely different skyline points compared to our approach.
Fig. 9(b) shows the same result in terms of the recall that each representative skyline algorithm achieves, when using the strict
decisive skyline points as correct result. As depicted in the chart, the recall of the representative skyline algorithms is very low,
which demonstrates that these algorithms do not try (not even implicitly) to identify decisive skyline points.

Fig. 9(c) shows the comparative performance of the skyline representative algorithms against DSA and BBS, using a fixed value
of 𝑘 = 100. In terms of time, DSA is significantly more efficient than both DoR and DiR, even though we employ the greedy variant
of DiR which is very efficient and is able to report the representative skyline points, without computing the entire skyline set. For
completeness, we mention that for smaller values, e.g. 𝑘 = 10, DiR performs more efficiently than the other algorithms. All in all,
this comparison shows that the performance of DSA is comparable to existing skyline representative algorithms and that the skyline
representative skyline algorithms fail to retrieve the decisive skyline points.

6. Related work

Skyline computation has received considerable attention in the database research community, and was first investigated in
the context of databases by Börzsönyi et al. [1]. Afterwards, several approaches have been proposed in order to design efficient
14
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algorithms; we refer to [22,23] and also to [24] for surveys. For example, Papadias et al. [21] propose a branch and bound algorithm
to progressively output skyline points of a data set indexed by an R-Tree, with guaranteed minimum I/O cost. Theoretical results
about skyline queries have also been investigated, related to external memory [25], parallel processing [26], and in a context of
noisy comparisons [27].

Pei et al. [18,28] discussed subspace skyline queries primarily from the view of query semantics. They solved the skyline
embership query, namely why and in which subspaces an object belongs to the skyline, by using the notions of skyline group

nd of decisive subspaces. The paper introduces some very important semantics of the skyline points that have not been studied in
etail in the related work. Differently to [18,28] that focuses on finding the subspace skyline points of all subspaces, ours is the
irst paper that points out the importance of skyline points that have the full space as decisive subspace.

Many papers have focused on algorithms to support subspace skyline retrieval [21], motivated by the fact that different users may
issue queries regarding different subsets of the available attributes, depending on their interests. In [29], SUBSKY is presented, which
transforms the multi-dimensional data to one-dimensional values, and then indexes the data set with a B-Tree. The authors in [20]
present a pre-processing approach, called skycube, which is defined as the union of all skyline points of all possible non-empty
subspaces. For this purpose, they explore sharing strategies for answering multiple skyline queries, by identifying computational
dependencies among skyline queries. Xia and Zhang [30] address the issue of supporting updates in skycube by introducing
the compressed skycube. Efficient skycube computation is addressed in [31] by Lee and Hwang where the QSkycube approach is
introduced, and extended later in [32]. Also, in [33], a subset-based approach is presented that exploits subspaces in order to
compute more efficiently the skyline set using sorting-based algorithms.

It has been shown [2–4] that the expected number of skyline points is 𝛩(ln𝑚−1 𝑛∕(𝑚 − 1)!) for a random independent data set,
and this has motivated several approaches to restricting the skyline cardinality. One possibility is to restrict the cardinality of the
result set, by selecting a subset of the entire skyline set. Towards this goal, Chan et al. [12] propose the 𝑘-dominant skyline query.
The authors relax the idea of dominance to 𝑘-dominance, in order to increase the probability of one point dominating another
point, thereby restricting the skyline cardinality. Nevertheless, 𝑘-dominant skyline queries return the skyline points that belong to
all subspace skyline sets of dimensionality 𝑘, which is totally different than selecting the skyline points that have the full space as
a decisive subspace. Another approach proposed by Lu et al. [14], skyline ordering, produces arbitrary size constrained skyline sets
by employing skyline-based partitioning on the data set and applying a ranking method within each partition. However, depending
on the size constraint, this method may also return non-skyline points to the user.

Selecting representative skyline points aims at retrieving exactly 𝑘 points from the skyline set. In [8], the authors study the problem
of selecting 𝑘 skyline points, so that the number of points dominated by at least one of these 𝑘 skyline points is maximized. In [11],
an approach is presented for retrieving 𝑘 representative skyline points, which are defined as the set of 𝑘 points that minimize the
maximum distance between a non-representative skyline point and its nearest representative. In [10], representative skylines are
studied under the assumption that user preferences are expressed as thresholds (this is also the reason why we did not include it in
our experimental evaluation in Section 5.4). None of these approaches take into account the semantics of the skyline points, and as
shown in our experimental evaluation they fail to discover the decisive skyline points.

Another family of approaches focuses on ranking skyline points and reporting the 𝑘 highest ranked points. In [13], the authors
introduce a metric called skyline frequency, to compare and rank the interestingness of data points based on how often they are
returned in the skyline, when different subspaces are considered. Ranking based on skyline frequency obviously favors skyline
points that are subspace skyline points, thus avoids to discover the points that balance all available criteria. In [15], a skyline
ranking approach based on the dominance relationships between skyline points in all possible subspaces is proposed. Similar to
skyline frequency, points that appear in many subspace tend to be ranked higher. Several approaches [16,17] rely on user-defined
functions or impose arbitrary preferences on some dimensions in order to rank the skyline points. In [17], the authors present
the Telescope algorithm that ranks the skyline points by user-specified preferences on the available dimensions. In [16], a ranking
approach based on user-defined regions that dominate all other regions is proposed. In contrast to those approaches, the decisive
skyline set explores the semantics of the skyline points and does not rely on arbitrary user-defined scoring functions.

Finally, several useful extensions of skyline queries have been studied in the literature recently. In [34], an experimental survey
is provided of the regret minimization query and other variants of this query, which try to combine skyline queries with restricted
output-size queries such as top-𝑘. Another approach that combines features of top-𝑘 queries with skyline queries is presented
in [6]. Group skyline queries intend to retrieve groups of points that are not dominated by other groups [35,36]. Probabilistic
skyline queries have been studied both in centralized [37] and distributed settings [38]. Skyline processing over incomplete data is
studied in [39]. ReSKY is a subarray skyline query processing algorithm targeting the context of array databases [40,41]. A skyline
algorithm that combines a CPU with a GPU context is presented in [42]. Skyline queries over encrypted data have been studied in
[43,44].

7. Conclusions

In this paper, we exploit the semantics of skyline points and propose the decisive skyline query. Capitalizing on the concept of
decisive subspaces, we define two variants of the decisive skyline set that are subsets of the skyline set. Points belong to the decisive
skyline set due to their values in all user-specified criteria and provide interesting trade-offs for the user. As a positive by-product
and in contrast to skyline cardinality, the cardinality of the decisive skyline query is not affected in the same way by the data set
dimensionality, thus leading to smaller result sets even for high-dimensional data. We studied the semantics of the proposed query
15

and presented novel pruning properties that allow efficient computation of the strict decisive skyline set. Exploiting these properties,
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we designed a novel algorithm for processing decisive skyline queries that has minor overhead when compared to a state-of-the-art
skyline algorithm. By means of an experimental evaluation, we demonstrated the performance of the proposed algorithm and also
the characteristics of the decisive skyline points, thus providing empirical evidence that the decisive skyline query returns interesting
points to the user.

As for future research directions, it would be of interest to propose other algorithms for discovering decisive skyline points,
ither by adapting existing algorithms for skyline queries or by introducing new algorithms. Also, studying the problem in different
ettings (e.g., main-memory context, online setting, distributed environment) is also of interest. Moreover, it would be interesting
o study in more depth whether decisive skyline points can be used as skyline representatives.
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